To understand the fundamental features of the vortex breakdown phenomena, which may significantly affect the aerodynamic characteristics of a spaceplane having a delta wing flying at high-angles of attack in a low-speed regime, the numerical analyses have been conducted by solving the incompressible Navier-Stokes equations. For simplicity of analysis, the axisymmetric flow around the vortex axis was assumed. To clarify the complicated flowfield structure of the vortex breakdown, the mathematical theory of the dynamical system has been applied to the analysis of the three-dimensional vector field of the flow velocity. The presence of the fixed points and their topological types are successfully identified by analyzing the eigensystem of the local velocity gradient tensor numerically. The topological properties of the streamlines are also clarified by considering the variation of the two-dimensional crossflow pattern with respect to the location on the vortex axis. The appearance of the limit cycle on the crossflow plane has been mathematically explained in relation to the onset of the vortex breakdown.
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Introduction
When a spaceplane with a delta wing with large-sweptback angle is landing at high angles of attack, a pair of longitudinal vortices are generated by the separated flows from the leading edge. The key factor in the nonlinear lift increase of these wings is the low pressure induced on the upper surface by longitudinal vortices separated from the leading edge. They yield large lift to the body when the angle of attack is moderate. If not, vortex breakdown occurs behind the body and it falls into crisis. The vortex breakdown causes both a loss in lift and an increased nose-up moment. Many experiments have been done by Werlé, 1) Hall, 2) Casssidy et al., 3) Sarpkaya, 4) Leibovich.
5)
Computations of the vortex breakdown produced by threedimensional separated flows from the double delta wing had succeeded by Fujii et al. 6) The elucidation of the behavior of this phenomenon is expected for the improvement of safety and maneuverability of the spaceplane. The vortex breakdown is apparently three-dimensional and has complicated structure. It is strongly demanded to establish the methodology to understand a complicated flowfield structure and to extract appropriate infromation representing its characteristic properties. Consideration of a simple case is suitable for developing the methodology. Here, the simplest vortex breakdown which is produced in a cylindrical container by a rotating endwall is examined to understand the behavior of the flow with vortex breakdown. A flow behavior in a closed cylindrical container with a rotating endwall is characterized by two parameters: the heightto-radius ratio H/R and a rotational Reynolds number R 2 /Vogel mapped the stability limit in (H/R, R 2 /) plane within which a vortex breakdown occurs on the center axis of the cylinder.
7)
Escudier 8) did comprehensive experiments and illustrated the map shown in Fig. 1 . The vortex breakdown in this configuration is highly axisymmetric and steady states exist in a few cases as shown in Fig. 1 . Lopez 9) elucidated the axisymmetric flow by the numerical calculations that was not clearly resolved by the flow visualization experiments. In Fig.  1 , the number of breakdowns corresponds to the number of recirculating flow regions. It is known that recirculating flow regions are combined with each other by a saddle in cases of two or three recirculating flow regions. The typical case of 2 Breakdowns is shown in Fig. 2 .
For a clear understanding of vortex breakdown, dynamical system theory becomes a convincing approach. A dynamical system is a concept in mathematics, and the behavior of streamlines defined in a vector field for various parameters is considered by the method of the theory. Fixed points corresponding to stagnation points in fluid dynamics and limit cycles corresponding to periodic orbits, are important properties of a dynamical system. Tobak et al. 10) applied dynamical system to aerodynamics, and studied topological properties of separation lines. Suzuki et al. 11) simulated the flows with the vortex breakdown around a cone-cylinder at high angles of attack, and analyzed the topological properties from the viewpoint of the eigensystem of the velocity gradient tensor. Visbal et. al. applied the critical point theory to the vortex breakdown over a delta wing. 12) Because of the complexity of the phenomenon, the vortex breakdown, which is produced in the cylindrical container by a rotating endwall, is highly axisymmetric shown in Fig. 2 , and gathering attention. Lopez and Perry 13) mapped the flow in the (r, z)-plane and elucidated the unsteady regime above dashed line in Fig. 1 from the viewpoint of Hamiltonian dynamical system. Brøns 14) et al.
shown possible orbits and topology around fixed points in the (r, z)-plane. There are also some arguments that axisymmetric vortex breakdown produced in the container is very sensitive to slight perturbation, 15, 16) i.e. recirculating flow regions are structurally unstable. The elucidation of the mechanism of the structure of vortex breakdown from the viewpoint of dynamical system is expected to reveal a complicated structure of the vortex breakdown.
Based on the one bubble regime as early studied by the authors, 17) in the current study, plural recirculating flow regions produced in a cylindrical container by a rotating endwall are numerically simulated, and the dynamical system for a threedimensional vector field composed of axisymmetric data is examined. The objectives of this study are the following two points. 1. Topological types of stagnation points are examined by analyzing the eigenvalues of the local velocity gradient tensor. 2. In the region of the recirculating flow region, the formation of limit cycle structure on the cross flows normal to the rotating axis at various axial locations is examined from the pattern of the streamlines on these planes.
Governing Equations and Boundary Conditions
In order to simulate axisymmetric vortex breakdown in a closed cylinder, the axisymmetric forms of continuity and Navier-Stokes equations shown in Eqs. (1) are used.
Reynolds number is defined by rotational Reynolds number shown in Eq. (2) . The boundary conditions relevant to the experiments of Escudier are Eqs. (3) 
Numerical Method
The system of Eqs. (1) is discretized on a grid in (r, z)-plane shown in Fig. 4 . Convection term is discretized by KawamuraKuwahara method, 18) and the others are discretized by the 2nd order central difference. MAC method 19) is employed to calculate the flow. Poisson equation of pressure is calculated by SOR method. Flow chart for the computation is shown in Fig.  5 . The computational grid is gathered to both edges in each direction. The grid consists of 200x500 points for the aspect ratio 2.5, and 200x650 points for the aspect ratio 3.25. The fluid is at rest in the initial state, and the bottom endwall is impulsively rotated. Steady solutions are obtained until 1000 non-dimensional time in the many cases, but it takes more time in the case closer to the steady limit which is shown as the dashed line in Fig. 1. 
Results

Two-and Three-dimensional streamlines
The computational results of the vortex breakdown in both cases of two and three recirculating flow regions are shown in Figs. 6 and 7. Computations have been also carried out using a fine mesh with 240x600 points for the aspect ratio 2.5, and 240x780 points for the aspect ratio 3.25. The flow pattern and the location of the stagnation points are able to be read from the visualized pictures of the experiment by Escudier.
8)
The number of recirculating flow regions in the flow field obtained by the numerical analysis is the same as that of the experimental results. In the case of the integrated recirculating flow region, the flow pattern of Fig. 7 is characterized by a pair of recirculating flow regions divided by the saddle point. Such feature was also observed in the experiment. The location of the stagnation points of the numerical results is compared with that of the experimental result in Tables 1 and 2 . The grid convergence is confirmed by comparison between the results of the normal grid and fine grid. The location of the stagnation points on z-axis is in good agreement with the experimental results within the discrepancy of 1% with respect to the cylinder The data of these results are written on (r, z) plane in axisymmetric coordinate system. Then three dimensional data in cylindrical coordinates (r,z) are obtained by rotating the results circumferentially. Three-dimensional streamlines are drawn in Figs. 8 and 9 . Each recirculating region independently builds each bubble in Fig. 8 . On the other hand, in the case of (H/R, R 2 /) = (3.25, 2752), two recirculating regions are integrated into a bubble as shown in Fig. 9 . The saddle between the recirculating flow regions in (r, z) plane as shown in Fig. 7 becomes a periodic orbit in the three-dimensional vector field.
Local velocity gradient tensor around stagnation points
The relation between the position and the velocity of the fluid is written in Eq. (4).
�� � � (4)
�� � �� � � (5) Velocity gradient tensor determines the topological properties of the system Eq. (4).
Stagnation points are obtained by linear interpolation method from the data on grid points. The velocity gradient tensor around the stagnation point is calculated by subtracting the data on the nearest grid points in the local linearized field around the stagnation point. In the cases of one and two bubbles, two and four stagnation points appear respectively. Six stagnation points appear at most in the case of three bubbles. Analyzing the eigensystem of the velocity gradient tensor around stagnation points, in the all cases, one real and two complex conjugate eigenvalues are obtained. In the case of (H/R, R complex conjugate eigenvalues correspond to the presence of the spiral. The imaginary part of them represents the strength of spirals, and the sign of the real part shows whether spiral is outward or inward. At a stagnation point just above a bubble, streamlines are gathered along the center axis and is emitted from a focus with outward spiral on a cross flow normal to the axis. On the other hand, at a stagnation point just below the bubble, streamlines are gathered to a focus with inward spiral on the plane and the flow is emitted along the axis as shown in Fig. 10 . The sign of the real part of complex conjugate eigenvalues of the stagnation point above the bubble is different from that of the stagnation point below the bubble. It indicates that the Poincare-Andronov-Hopf bifurcation occurs inside the bubble. Poincare-Andronov-Hopf bifurcation is often called Hopf bifurcation and generally means that, in a spiral flow with a focus at the center of the space, the focus and flow around it change their topological properties, when the sign of the real part of the complex conjugate eigenvalues is varied by parameters. 16) Here, this word is used in the analysis of the crossflow topology normal to the rotating axis.
The cross flows normal to the rotating axis
In a closed cylinder, vortex breakdown bubbles appear on the central axis of the cylinder, and stagnation points also appear on it. By the analysis of the eigensystem of local velocity gradient tensors, it is shown that the topological properties of stagnation points change whether the stagnation point locates above or below the bubble. The change of properties is revealed by crossflow topology normal to the center axis at various locations. In the case of one bubble, inward spiral region emerges inside outward spiral region with a divergent limit cycle at a location between stagnation points. 17) Here, the cross flows normal to the axis are examined. Fig. 12(a-d) . For caption see facing page. Fig. 11 . The contour map of the radial velocity with streamlines in (r, z) plane for (H/R, R Figure 11 shows the contour map of the radial velocity with streamlines in the case of two recirculating flow regions, (H/R, R 2 /) = (2.5, 2126) , and Fig. 12 shows crossflow topology normal to the rotating axis at various axial stations corresponding to the dashed lines in Fig. 11 . In Fig. 12 , "F" and "LC" denote "fixed point" and "limit cycle" respectively. When streamlines near F or LC are sucked to them, they are called "attracting." When the streamlines are going away from them, they are called "repelling." These properties are indicated by the subscript "+" and "-" like "F + " in the figures. As shown in Fig. 12a , flow is gathered from the sidewall to the central axis. A fixed point on the axis is an attracting focus. Figure 12b shows the horizontal plane on the stagnation point above the upper bubble. Streamlines begin to apart from the rotating axis. The fixed point on the axis becomes a repelling focus and the outward spiral region is shown with an attracting limit cycle. The properties of the fixed point corresponds to that of the stagnation point as shown in Eqs. (6) and (7). The axial station of Fig. 12c locates between the stagnation points at the upper bubble. A repelling limit cycle appears with the attracting focus on the axis. On the horizontal plane of the stagnation point below the upper bubble as shown in Fig. 12d , the limit cycles are blended and vanish. Only the attracting focus is left on the center axis and it corresponds to the eigensystem of the stagnation point as shown in Eqs. (8) and (9) . As well as the case of the upper bubble, a repelling focus on the axis and an attracting limit cycle appear at Fig. 12e . The stagnation point above the lower bubble is on this plane, and its local topological property in Eqs. (10) and (11) is shown on the plane around its center. Between a pair of stagnation points at the lower bubble, a repelling limit cycle appears as shown in Fig. 12f . At the center of this plane is the stagnation point below the lower bubble, and its local topological property corresponds to the eigensystem of the stagnation point as shown in Eqs. (12) and (13) . The repelling limit cycle extremely approaches to the center axis, and, finally, the limit cycle disappears as shown in Fig. 12g . At the bottom of the container, streamlines are carried to the sidewall by the centrifugal force and only the repelling focus exists in Fig. 12h . From this figure, it is shown that the repelling limit cycle appears with the change of the repelling focus to the attracting one inside each recirculating flow region. Figure 13 shows the contour map of the radial velocity with streamlines in the case of three recirculating flow regions, (H/R, to the axis at various axial locations corresponding to the dashed lines in Fig. 13 . As shown in Fig. 14a , flow is gathered Fig. 14(a-d) . For caption see facing page. from the sidewall to the central axis, and a fixed point on the axis is an attracting focus. Figure 14b shows the horizontal plane on the stagnation point above the upper bubble. Streamlines begin to apart from the rotating axis. The fixed point on the axis becomes a repelling focus and the outward spiral region is shown with an attracting limit cycle. A repelling limit cycle appears with the attracting focus on the axis on the horizontal plane of the stagnation point below the upper bubble as shown in Fig. 14c . At Fig. 14d , the limit cycles are blended and vanish. Only the attracting focus is left on the center axis.
As well as the case of the upper bubble, a repelling focus on the axis and an attracting limit cycle appear at Fig. 14e . The stagnation point above the lower bubble is on this plane. In this case, the lower bubble consist of integrated two recirculating regions like 8- figure. A repelling limit cycle appears as shown in Fig. 14f and 14f '. On this plane, two recirculating bubbles are bonded at the repelling limit cycle. The repelling limit cycle extremely approaches to the center axis, and, finally, the limit cycle disappears as shown in Fig. 14g . The stagnation point below the lower bubble is on the horizontal plane in Fig. 14h . Here, a repelling limit cycle also appears. In the bottom of the container, streamlines and an attracting limit cycle are carried to the sidewall by the centrifugal force as shown in Fig. 12i , and, finally, only the repelling focus exists in Fig. 12j . From this figure, it is shown that the repelling limit cycle appears inside each vortex breakdown bubble, although recirculating flow regions are combined with each other.
In the eigenvalue analysis of the velocity gradient tensors around the stagnation points, the onset of the vortex breakdown is characterized by the sign inversions of their eigenvalues. The flow features, such as stagnation point, recirculating flow region and so on, can be described in terms of the topological properties of the velocity vector field. The topological properties are obtained by the eigenvalue analysis. In addition, the observation of the two-dimensional vector field on the cross-flow plane normal to the vortex axis from a topological viewpoint is also effective to understand the topological properties of the three-dimensional velocity vector field of the vortical flow. The onset of the attracting limit cycle on the cross-flow plane means the appearance of the outward spiral flow from the vortex axis (z-axis in the present study) inside the limit cycle. Considering the mass conservation of the incompressible flow, the outward spiral flow must be accompanied by the deceleration of the flow on the axis, resulting in the onset of the stagnation point and the reversed flow after it. The combination of the deceleration of the axial flow and the outward spiral flow look like a "rapid expansion" of the vortex, which is observed as a key feature of the vortex breakdown.
Conclusion
In this study, for clear understanding of vortex breakdown, the topological properties of the simplest vortex breakdown which is produced in a cylindrical container by a rotating endwall in the case of plural recirculating flow regions are numerically investigated from the viewpoint of dynamical system theory about following two points. 1. The topological types of stagnation points are examined by analyzing the eigensystem of the local velocity gradient tensor around stagnation points in the three-dimensional vector field. About all stagnation points, one real and a pair of complex conjugate eigenvalues are obtained. The eigensystem describes the local behavior of streamlines around the stagnation point. 2. The formation of limit cycle structure on the cross flows normal to the rotating axis at various axial locations is examined from the pattern of the streamlines on these planes. A repelling limit cycle appears inside each recirculating flow region, although they are combined with each other. From these results, the analysis of the eigenvalues of the velocity gradient tensor and the cross-flow topology give useful information to understand the three-dimensional structure of the vortex breakdown.
